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1. INTRODUCTION 
Our main purpose in this paper is to demonstrate the relationship between 
variational inequalities, the complementarity problem, and some duality theo- 
rems of mathematical programming. Our first main result, Theorem 2, is an 
extension to noncompact sets of the minimax inequality of Ky Fan [4]. As 
consequences of Theorem 2 we obtain, in Section 3, a series of existence theo- 
rems for variational inequalities and complementarity problems. Finally, 
in Section 4, we demonstrate how the existence theorems of Section 3 lead to 
very simple proofs of two duality theorems: one for linear programs and the 
other for convex programs. 
We begin with some definitions; our terminology will agree with the books 
of Bourbaki [l] and KGthe [7], and the notes of Moreau [ll]. All topological 
vector spaces considered here are implicitly assumed to be real topological 
vector spaces satisfying the Hausdorff separation axiom. When there is need to 
indicate explicitly the topology 9 of a topological vector space E, we write 
E[T] instead of just E. If E is a topological vector space, then the vector space 
of all continuous linear functionals on E is called the dual space of E, and is 
denoted by E’; the algebraic dual of a vector space E is denoted by B”. 
Let E be a vector space, let X be a convex subset of E, and let 
.I‘: S --k ]-~-co, 001. We say that f is convex if f(l~z + py) >< of 2 /3f(y) for 
all x, y E 9 and all real numbers 01 and /3 with 01 >, 0, /3 > 0, and 01 + /3 -: 1. We 
say that f is qua&convex if {x E X: f(x) < r} is convex for each real number y. A 
function R: S + [- ~3, CO[ is said to be concave (qua.riconcave) if -x is convex 
(quasiconvex). 
Let X be a subset of a topological vector space E, and definef : E -+ ]--co, a] 
by J(.Y) = 0 if x E X and f(x) = CO if x E E\X. Then f is called the indicator 
function of the set X. It is clear that f is convex if and only if X is convex, and f 
is lower semicontinuous if and only if X is closed. 
If <F, E) is a dual system of vector spaces then a(E,F) denotes the weak 
topology on E with respect to the dual system (F, E), and T(E, F) denotes the 
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Mackey topology on E with respect to the dual system (F, E). If XC E then 
the set 
is called the polar of X; T - Int X denotes the interior of X in the Mackey 
topology r(E, I;), and 
topology T(F, E). 
7 - Int x” denotes the interior of X” in the Mackey 
Let (F, E) be a dual system, let X be a convex subset of E, and let 
f: X + ]-CO, co] be a quasiconvex function. It follows from a theorem of 
Mackey [ 1, p. 671 that f is lower a(& F)-semicontinuous on X if and only if it is 
lower semicontinuous on X for some locally convex topology compatible with 
the dual system (F, E). In what follows, when we say that a quasiconvex 
function f is lower semicontinuous, we mean that f is lower semicontinuous for 
some (and hence every) locally convex topology compatible with the dual 
system (F, E). 
Let (F, E) be a dual system, and let f : E -+ ] - 03, CO] be a function which is 
finite at some point of E. The function f ‘: F -+ ]-CO, CO] defined by 
f’(u) = sup{ (24, x) - f(x): x E E) (u EF) 
is called the Fenchel conjugate off. It is clear that f’ is convex and that f’ is lower 
semicontinuous on F for any topology stronger than u(F, E). If f is convex and 
lower semicontinuous for some (and hence every) locally convex topology 
compatible with the dual system (F, E), then it can be shown [I 1, p, 281 that 
f(x) = sup{(u, x) -f’(u): u E F} for all x E E. 
If f is the indicator function of a cone X in E, then f’ is the indicator function 
of the polar cone X” in F. 
Let (F, E) be a dual system, let X be a subset of E, and let A: X -+ F. We 
say that A is monotone on X if (Ax - Ay, x - y) > 0 for all x, y E X. Following 
Karamardian [6], we shall say that A is pseudomonotone on X if for all x, y E X 
we have 
(Ay,x -y) >,O => (Ax,x -y) 20. 
Clearly every monotone mapping is pseudomonotone. If A is pseudomonotone 
on X then, for all x, y E X, we have 
(Ay,x-yy) >O* (Ax,x-y) >O; 
this is easy to show using the argument given in [6]. The terminology related 
to dual systems described above applies in particular to the dual system (E’, E) 
formed by a locally convex topological vector space E and its dual space E’, and 
to the dual system <E*, E) formed by a vector space E and its algebraic dual E*. 
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We now describe the problems which are the subject of this paper. Let E be a 
vector space, let A: E + E”, and let f : E - ] - CQ, co]. We shall investigate 
the problem of finding a vector f in E such that 
f@) < a, (AK 2 - Y) d f(Y) - f@) for all y E E. (‘1 
If f is the indicator function of a subset X of E then (I) becomes 
XE x, <Ax;x-3) GO for ally E A--. (2) 
Inequalities like (1) and (2) are known as variational inequalities, and have been 
widely studied; the reader may consult [13] and the references cited therein. 
If X is a cone, we shall see that (2) is equivalent to 
fE ‘Y, --A~Gz X”, (i3x; X’b := 0. (3) 
The problem of finding a vector x satisfying (3) is known as the complementarity 
pro&n; several problems in mathematical programming, game theory, econo- 
mics, and mechanics can be presented in this form. A survey of some known 
results concerning the complementarity problem can be found in [8]; most of 
these deal with the case where X is the nonnegative cone of a finite-dimensional 
space. 
2. MINIMAX INEQUALITIES 
We begin by stating a minimax inequality due to Ky Fan [4]. 
THEOREM 1. Let E be a topological vector space, let K be a nonempty compact 
convex set in E, and let g, be a real-valuedfunction on K in K. Suppose that 
(a) cp(x, x) < 0 for aZZ x E: K, 
(b) for each fixed x E K, the map y w 9(x, y) is quasironcave on K, 
(c) -for each fixed y E K, the map CC ‘++ ~(x, Y) is lower semicontinuous on 17. 
Then there exists a vector x in K such that 
vJ(% y) < 0 for all y E K. 
The following result is an extension of Theorem I to noncompact sets. 
THEOREM 2. Let E be a topological vector space, let SC E be a conz>ex set, 
and let 9 be a real-valued function on X x X. Suppose that 
(a) ~(2, x) < 0 for all x E X, 
(b) for each fixed x E X, the map y M ~(x, y) is quasiconcave on X, 
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(c) for each jxed y E X, the map x i--t p(x, y) is lower semicontinuous on X, 
(d) there exists a nonempty compact convex set KC X such that for each 
x E X\K there exists y E K with ~(x, y) > 0. 
Then there exists a vector x E K such that 
~(57, y) < 0 for ally E X. 
Proof. For each y E X, let . 
K(Y) = {x E K: v(x, Y) < 0). 
Then, by (c), the set K(y) is closed in K, and hence is compact. 
Let Y1 ,..., ym E X, and let C be the convex hull of K U {yr ,..., m,}. Then C 
is compact and convex, and C C X. Hence, by Theorem 1, there exists a vector 
x0 in C such that ~(x, , y) < 0 for ally E C. Now x0 E K, for otherwise hypothesis 
(d) would be violated, and hence x,-, E K(y,) n 1.. n K(yWL). Thus, the collection 
(K(y): y G X> has the finite intersection property, and so there exists a vector .? 
in E such that x E K(y) for all y E X. Then F(X, y) < 0 for all y E x, and the 
proof is complete. 1 
Theorem 2 is similar to a result of BrCzis, Nirenberg, and Stampacchia [2, 
Theorem I]. In [2], the hypotheses concerning the continuity of p appear to be 
weaker than ours, but our hypothesis (d) is replaced by 
(d)’ there exists a compact set K in E and a pointy,, E X n K such that 
~(x, y,,) > 0 for all x E X\K. 
The following simple example shows that Theorem 2 is not included in the 
result of [2]. 
EXAMPLE. Let E = X = R and define q on X x X by 
fp(x, y) = 1 if XY < 0, 
= 0 if xy 3 0. 
Then hypotheses (a), (b), and (c) are clearly satisfied, and (d) is satisfied if we 
let K = [-I, 11. Now (d)’ implies the existence of a point y,, E X such that 
{x E X: ~(x, ya) < 0} is relatively compact; it is easy to verify that, in this 
example, no such y,, exists. 
3. VARIATIONAL INEQUALITIES 
The various parts of the following lemma are well-known, but are scattered 
throughout the literature. The result provides the essential link between varia- 
tional inequalities and complementarity problems. 
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LEMMA 1. Let (F, E) be a dual system, let f : E -+ ] -03, CO] be a function 
which is finite at some point of E, let 5 E E, and ii E F. Then the following two state- 
ments are equivalent 
(a) f (2) < co and (u, x - x) 2 f(x) - f(x) for all x E E; 
(b) f(x) +f’(u) = <u; 3. 
If f is the indicator function of a nonempty cone X in E, then (a) and (b) become, 
respectively, 
(c) sEXand (&g-xx) >Ofor allxEE; 
(d) VEX, %EXO, and (u,?) ==O. 
Proof. We first show that (a) and (b) are equivalent. Since f is finite at some 
point of E, we havef’(ti) > -00, and so (b) implies thatf(%) < ~0. Hence we 
may assume throughout the argument that f(2) < ~0. We have 
(ii, x - x) 3 f(x) -f(x) for all x E E 
=- (21, x> -f(x) > (ii, x) -f(x) for all x E E 
-3 (ii, x;> - f(x) = sup{(zz, x} - j(,x): x E E] =T f’(u) 
-CT- f(T) +f’(q = (U, 57). 
Iff is the indicator function of a nonempty cone X in E, thenf’ is the indicator 
of the polar cone X”. It is then clear that (a) is equivalent to (c) and (b) is equiv- 
alent to (d). 1 
Our next two results are special cases of Theorem 2; Corollary 2 includes a 
generalization of a result of Karamardian [5, Theorem 3.11. 
COROLLARY 1. Let E be a topological vector space, let X C E be a convex set, 
and let f : E - ] -co, CO] be a lower semicontinuous convex function which is finite 
on X. Let ,4: X--t E* be a mapping such that the map xrt (Ax, x) is lower 
semicontinuous on X. Let KC X be a nonempty compact convex set and suppose 
that for each x E X\K there exists y E K such that (Ax, x -- y;) >f(y) --j(x). 
Then there exists a vector f E K such that 
(A%, 5 -y) <j(y) -f(x) for aZEy E X. 
Proof. Define 9 on X x X by q(x,y) = (_4~, x - yj +1(x) -f(y), and 
apply Theorem 2. U 
COROLLARY 2. Let E be a topological vector space, let XC E be a convex set, 
and let A: X -+ E* be a mapping such that the mapping x ++ (Ax, x> is lower 
semicontinuous on X. Let KC X be a nonempty compact convex set and suppose 
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that fm each x E X\K there exists y E K such that (Ax, x - y) > 0. Then, there 
exists a vector f E K szlch that 
(A%, X - y> < 0 
If X is a cone then we have 
for ally E X. 
3EX, -Ax E X”, (AZ, %) = 0. 
Proof. This is the special case of Corollary 1 in which f (x) = 0 for all x E E. 
The last statement follows by applying Lemma 1 in the dual system (E*, E) 1 
The following result, which will be needed in the proof of Theorem 3, is due 
to Moreau [lo]. 
LEMMA 2. Let E be a locally convex space, let f : E -+ ]-co, co] be a lower 
a(E, I?)-semicontinuous function, and let P E E’. If the Fenchel conjugate f ’ off 
is bounded above on some r(E’, E)-neighborhood of P in E’ then, for each real number 
p, the set K = {x E E:f(x) - (is, x) < p) is a(E, I?)-compact. 
Proof. Choose a r(E’, E)-neighborhood Y of 0 in E’ and a real number 01 
such that (u, x} -f(x) < (Y for all x E E and all u E E + V. Then, if x E K 
and u E V, we have f(x) - (ti, x) < p and (ii + u, x) -f(x) < 01, and so 
(u, x} < p + 01. This shows that KC (p + OL)V’. But K is a(E, E’)-closed 
and hence, by the Alaoglu-Bourbaki theorem, K is a(E, E’)-compact. m 
THEOREM 3. Let E be a locally convex space, let f : E---f ]-co, co] be a lower 
semicontinuous quasiconvex function, and let A: E + E* be a monotone mapping 
such that the mapping x t+ (Ax, x> is lower u(E, E’)-semicontinuous on E. Suppose 
there exists a vector x0 in E such that f (x0) < co and such that the Fenchel conjugate 
f ’ off is bounded above on some r(E), E)-neighborhood of -Ax,, . Then there exists 
a vector f E E such that f (3) < 00 and 
(A%, f - y) <f(y) -f(g) for ally E E. (4) 
Proof. Let X = {x E E: f (x) < cc}, and define 
K = ix E E: f (x) + <Ax, > x> < f (xo) + (Ax, , x0)1. 
Then K is convex and x,, E KC X. Using Lemma 2 we see that K is a(E, E’)- 
compact. If x E X\K, then we have (Ax, , x - x0) > f (x,,) -f(x), and hence, 
since A is monotone, (Ax, x - x0) > f (x0) -f(x). Then, by Corollary 1, 
there exists a vector % E K such that (A%, 3 - y) < f(y) - f (3) for all y E X. 
Then f(z) < 00 and (4) holds. 1 
Our next result, Theorem 4, includes a generalization of finite-dimensional 
results of Karamardian [6, Theorem 4.11 and More [9]. An application of 
Theorem 4 will be given in Section 4. 
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THEOREM 4. Let (F,E) be a dual system, let X C E be a o(E, F)-closed convex 
set, and let A: X +F be a pseudomonotone mapping such that the mapping 
x .+ (Ax, x) is lower u(E, F)-semicontinuous on X. Suppose there exists a vector 
x0 E E such that 
%EX -Ax, E T - Int X”. 
Then there exists a vector XC X such that 
(AZ, x - y} f 0 
If X is a cone then this means that 
for ally E X. 
TEX, -AS E X”, (Ax, .%j = 0. 
Proof. Let K = {x E X: (Ax,, x) < (Ax,, , x0>}. Then K is o(E, F)-closed 
and convex, and -Ax, E 7 - Int K”. For each x E K we have (-Ax, , x0) 5: 
(--Ax,, x) < 1 and so, by a result of Fan [3, Theorem I], K is o(E, F)-compact. 
If x E X\K, then (Ax, , x - x0) > 0 and hence, since A is pseudomonotone, 
we have (‘4x, N - x,,) > 0. The result now follows from Corollary 2. 1 
4. APPLICATIONS 
Our first application, Theorem 5, is a duality theorem of the type studied by 
Rockafellar in [12]; our proof is a simple application of Theorem 3. 
In Theorem 5 we shall use the following notation. For the lower semicon- 
tinuous function f on the locally convex space E, we define 
f’(u) = sup((u, x) -f(x): x E E} for all u E B’. 
Thusf’ is simply the Fenchel conjugate off, as described earlier. For the upper 
semicontinuous concave function g on the locally convex space F, we define 
g’(v) = inf{<v, y> - g(y): Y EF) for all v E F’. 
It is clear that g’ is a concave function and that g’ is upper semicontinuous for 
any topology stronger than u(F’, F); in the literature, g’ is often called the 
Fenchel conjugate of the upper semicontinuous concave function g. It can be 
shown that 
g(y) = inf{(v, y) - g’(v): v EF’) for all y E F. (5) 
The transpose of the continuous linear transformation A: E + F will be denoted 
by tA. 
THEOREM 5. Let E and F be two locally convex spaces, and let A: E-F be a 
continuous linear map. Let f : B -+ ] - 00, CD] be a lower semicontinuous convex 
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function, letg:F-+ [--CO, 03[ b e an upper semicontinuous concave function, and let 
f’:E’-+J--co, CO] andg’:F’ -+ [ - 03, a~[ be the Fenchel conjugates off and g 
respectively. Suppose there exist vectors x0 in E and vO in F’ such that 
(a> f (x0) < a and g’(q) > -a, 
(b) f’ is bounded above on some T(E’, E)-neighborhood of tAv, in E’, 
(c) g is bounded below on some r(F, F’)-neigborhood of Ax, in F. 
Then we have 
min(f(x) - g(Ax): x E E} = max(g’(v) - f ‘(tAv): v EF’}. (6) 
Proof. If x E E and v EF’ then we have 
[f(x) - &WI - k’@> - f ‘P-WI 
= [f ‘(tAv) + f WI - k’(v> + &WI 
> (~Av, x> - <v, Ax) 
= 0. 
Hence, to prove (6) it suffices to show that there exist vectors 3 E E and 5 E F 
such that f (%) - g(A%) d g’(6) -f ‘(tA6). 
We may consider (E x F’, E’ x F) as a dual system with the bilinear form 
((x, v), (u, y)) = (u, x) + (v, y), where x E E, v EF’, u E E’, and y EF. We 
define &:E xF’+E XF by 
c&(x, v) = (--tAv, Ax) (xEE,vEF’). 
Then, for all x E E and all v EF’ we have (&(x, v), (x, v)) = 0 and it follows 
immediately that &’ is monotone on E x F’. Define h: E x F’ --f ]-CO, CO] by 
h(x, 4 = f (x) - g’(v) (XEE,VEF’). 
Then h is lower u(E x F’, E’ x F)-semicontinuous and convex and 
Nxo 5 0 v ) < co. Using hypotheses (b) and (c) it is easy to see that there exists a 
r(E’ x F, E x F’)-neighborhood N of -d(xo , vo) in E’ x F and a real number 
y such that <(u, y), (x, v)) - h(x, v) ,( y for all (u, y) EN, x E E, and v EF’. 
Hence, by Theorem 3, there exist z E E and @ EF’ such that h(5, V) < CO and 
(d(q c), (s, a) - (x, v)) < h(x, v) - h(x, a) for all x E E, v EF’. 
Putting v = 6 we see that (SAC, 9 - x) > f (x) -f(x) for all x E E and hence, 
by Lemma 1, we have f (3) + f ‘(tA5) = (tAv; a). A similar argument using 
Eq. (5) shows that g’(a) + g(A%) = (v; A+. These last two equalities then give 
f (5) - g(A$) = g’(c) - f ‘(tAa>, and the proof is complete. 1 
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We now use Theorem 4 to prove a duality theorem for linear programs. 
THEOREM 6. Let E and F be locally convex spaces, let A : E - F be a continuous 
linear map, and let P C E and Q C F be closed convex cones, Let ii E E’ and 3 E F, 
and suppose there exist vectors x0 E E and vO EF’ such that 
x0 E p, ji - AX,,ET - IntQ (7) 
vo E Q”, tAv,-%uET-IntP. (8) 
Then we have 
min{(G, x): x E P, 7 - Ax E Q} = max{(v, 7): v E Q”, ~Av - U E P”>. 
Proof. If x E P, 7 - Ax EQ, v EQ”, and tAv - 3~ P”, then we have 
(v, J;, - <u, x) = (v, ji - Ax} + (tAv - ii, x) <. 0, and hence it suffices to 
show that there exist vectors x E E and v E F’ such that 
ZEP, tiGQO, (9) 
GAB-iiu~P’, ~-AA~EQ, (10) 
(ii, X) - (v; J) = 0. (11) 
We may consider (E x F’, E’ x F) as a dual system with the bilinear form 
((x, v), (u, y)) = (u, x) + (v, y), where x E E, v E F’, u E E’, and y E F. Define 
a map .%: E x F’ --f E’ x F by 
22(x, v) = -(tAv - ii, j7 - Ax) (XEE,VEF’) 
and let .Y _ P x Q; .!Y is a closed convex cone in E x F’ and Y0 = P” x Q. 
The relations (7) and (8) give (x,, , va) E B and -.,&(x,, , vO) E 7 - Int 9’. For 
all x E E and all v EF’ we have (s&‘(x, v), (x, v)} = (a, x) - (v, j+, and so the 
mapping (x, v) ct (&(x, v), (x, v)) 1s 1 ower semicontinuous on .Y for the 
topology a(E ‘; F’, E’ x F). It is easy to verify that &’ is monotone on 9. Hence, 
by Theorem 4, there exist vectors x E E and v E F’ such that 
(2, 5) E 9, (12) 
- &kqs, ii) E B", (13) 
(d(X, V), (x, V)) = 0, (‘4) 
Now (12) is equivalent to (9), (13) is equivalent to (IO), and (14) gives 
(27, x> - ii?, y) = 0. I 
Theorem 6 generalizes a result of Fan [2, Theorem 61; Fan’s theorem requires 
the existence of vectors x,, E E and zl,, E F’ satisfying 
xsE7 - Int P, jj - AX~ET -1ntQ 
v,E7 -IntQ, tAv,-GET-IntP”, 
instead of our (7) and (8). Our proof is essentially different. 
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Of course, Theorem 6 could also have been deduced from Theorem 5, as 
indicated in [9, p. 1721. 
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